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Electromagnetic
J. Cesar Monzon,

Abstract-A solution to the nonlinear problem of drying of a
sheet material is presented, which combines basic thermodynamic
properties with the field equations. Some results are given in a
numerical simulation.

I. INTRODUCTION

w

ORKS ON microwave heating are abundant in the

literature basically because of the important problem

of the localization of power deposition in living tissues. When

irradiating living tissues we are dealing with low powers, and

the usual theoretical approach is that of linearized equations

where the target is characterized by constant electrical param-

eters, e.g. [1], [2]. Note that the common objective is to heat

the target or part of the target (tumor for example). However,

with continuous irradiation the energy loss increases without

limits which indicates that even for low powers the heating

problem is nonlinear when seen in an appropriate time scale.

It should be mentioned that a formal solution must account

for surface cooling of the target [3]; and if dealing with a live

target, the internal cooling effect of the blood circulation must

be accounted for.

By contrast with the above, the literature on analytical works

on microwave drying is very limited. The drying problem

is eminently nonlinear. One of the most important problems

of industrial microwave systems relates to thin web or sheet

materials [4].

Here we present some results of our study [10] in the use

of electromagnetic fields to dry thin structures such as wet

paper, in a continuous manner. This work has concentrated on

an elementary technique for estimating the temperature and

moisture profiles based on a rigorous field solution. Thus, we

are dealing with the real (highly nonlinear) simulation, where

the electrical characteristics of the load depend on the fields.

Aside from ignoring material anisotropies, a problem which

we have not investigated is that of inhomogeneities (both of

illumination and of geometry), which is quite important since

it can lead to hot spots and @ermal gradients which can result

in damage to the material being dried. This work is based

on the assumptions of homogeneous isotropic materials and

homogeneous illumination. We also assume that the losses in

the material be mainly dependent on the free water content

and not on ionic conduction (which occurs at low frequencies

and depends strongly upon the chemical composhion of the

host material). Qualitatively it is known [13], tiat these two

effects usually occur in different frequency ranges. Thus, in a

sense. our analytical assumption is a constraint in the range of

usable frequencies and possibly also in moisture levels.
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Fig. 1. Proposed arrangement

To achieve homogeneous illumination it is suggested that

an arrangement similar to that of laboratory ovens [5] be

employed. The proposed arrangement is shown in Fig. “1,and

employs a series of magnetrons, each with tuning elements

to allow matching to a wide range of loads. To increase

efficiency, the hot air of the magnetrons can be blown onto the

material, 1 helping maintain the temperature of the material at

a sufficiently high level, and at the same time, helping get rid

of the air moisture (which is very significant) in order to avoid

condensation. As pointed out by a reviewer, it is also possible

to dehumidify the hot moist air discharged by the dryer and

recycle its heat [12].

The last point may be quite important in view of the fact

that current fabrication processes require the paper to move at a

relatively high speed (W 4.5 m/see.). This requires very large

electric fields with the consequent threat of air breakdown,

which is worsened by moisture in the air.

Here we deal with the simplified two dimensional lmodel

(of a single element) shown in Fig. 2, where the region of

continuous heating is boundecl by perfectly conducting half

planes which are located at z = O and z = h. ~~ and

T, denote the output and input temperatures of the sheet

of paper which moves at speed w. The impressed field is

that of a plane wave of amplitude Eo, whose electric vector

points in the 2 direction. Hot air is assumed to flow between

the plates in order to get rid of the moisture. The case of

bilateral illumination would not affect the analysis. However,

for simplicity only one-sided illumination is employed. It

should also be mentioned that the effect of the slots is ignored
in this rather crude model. The time convention exP {.@t} is

assumed and suppressed throughout.

1The recovery of the heat given off by the magnetron has been claimed in
a patent [11].
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Fig.2. Simplified two-dimensional model of a single

II. ANALYSIS

U’v
wet

element.

The electromagnetic properties of the sheet of wet paper

are characterized by permeability ~0 and relative permittivity
~ = <f — jflf, which is a function of the temperature (and

therefore a function of z). In view of the fact that e for paper

is much less than e for water, we shall assume (upon neglect

of ionic conduction as pointed out in the introduction) that the

sheet can be represented by an inhomogeneous slab of water.

Thus it seems convenient to model the “wet” paper by a thin

resistive sheet.

We should mention that in reality the bulk d and c“ do

depend on the moisture content. The above slab of water

simplification neglects such a dependence. This however is

not a crucial point for if an improved functional dependence

of e was available, we could use it in the same way we use this

one, as will become clear later on. Actually, a physical model

of the moisture/density dependence of the dielectric properties

of even the simplest natural products is not possible yet. This is

the same situation of a decade ago [13], [14]. The dependence

is still determined empirically even for single grains [15], [16].

Let d (meters) denote the thickness of the paper which will

be assumed to be the same for both wet and dry conditions,

and let p denote the initial fractional volume of water, i.e.,

volume of water/volume of the paper (all per unit area). We

now introduce p(z), the amount of water per unit area, which

will be given in (grim:!). Thus, p(0) denotes the amount of

water in the wet paper, and is given by

p(()) ❑ = p . d . 106gr/m2. (1)

Similarly, p(h) is the amount of water in the “dry” condition.

It is known [17] that a thin dielectric sheet can be completely

characterized by a (sheet) admittance equal to: ju (e – 1) x

thickness. In view of the above, the equivalent normalized

R-sheet value of the paper is:

w=. 1 /9(0)
(2)

v jpkd(d – 1 – je”) “ p(Z’)

which takes into account the effect of evaporation on the

effective thickness of the sheet, and where k denotes the wave

1’
Fig. 3. Discretization employed in the analysis.

number of the impressed electromagnetic field. It should be

stressed that e’ and c“ depend on the temperature T (“C),

which is a function of the position (z). q is the free space

impedance (376.7 0) and R(z) is expressed in Q.

We now refer to Fig. 3, where the paper has been split

into numerous strips, each of width Al. In a time interval

At = Al/v, where u is the speed of the paper in (m/see),

each strip will move to the position previously occupied by the

adjacent (upper) strip. In a time At, a given strip dissipates an

amount of microwave energy Ae(z) = At .N .Re {E” . J}

(Joules), where J is the current in the R-sheet: E = J . R. In

view of (2) we get:

At(z) = At. Al ~‘kd“ T z))~ly~((
p(z) E(Z),2 (3)

which has been calculated per/meter wide sheet.

Now we proceed to exploit (3) by introducing some ther-

modynamic properties of the sheet, which will be assumed

to be accurately represented by the water properties. First we

note that the temperature T will increase from an initial value

T(0) = Ti to a maximumz T. = 100”C at hC(meters), and

will remain at that value for all z E (hC, h). This, provided

TC can be reached, otherwise the exit temperature will be TO.

2The practical maximum is actually material dependent and not much larger
than the 100° C (pure water at sea level) adopted here for computational
purposes.
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Similarly, for,ze (O, he), noevaporation cantake place which

implies ,o(z) = P(O). For z 2 h,, evaporation will occur and

p will decrease.

Based on the above, we can postulate the following behav-

ior:

l).z<hC, T<TC.
The energy Ec will be used entirely in heating up the water,

i.e.,

where L’~ = 4.184 CU (Joules/(grx°C)), for CU the specific

heat in (calories/(grz° C)), which for water takes the value

C. = 1. In view of the previous equation and (3) we obtain:

(4)

where use has been made of the fact that AT/At ~ vdT/dz,
and that p(z) is a constant in this region. In order to make

optimum use of (4) it is convenient to express d’ in terms of

T explicitly. For instance, based on the numerical values of e

for water presented in Appendix B of [6], it is possible to fit

the data to a suitable model for a given frequency. We find

that a good model for c“ is given by

38.02
~“1300MHz ~

5.42 + T
(5a)

o!

‘5”13 Gffz ~ —fiT
(5b)

1100 – 8T
e“l10 GHz =

30 ‘
(5C)

for @ = 21/30, a = 12~25.

To illustrate how (5) can change the form of (4), we consider

the case of 3 GHz for which after some manipulations, it can

be shown that (5b) reduces (4) to

{{

,2

T(z) =
T, + &Ln 1+ ~~’zdz’ ~

1}
; T<TC

T.; .z>hC
(6a)

for

Ef =
{

Tqc:p(o). (l”c)
pkdhLn~d’(TC) “

(6b)

2)z>hC, T=TC
Now T cannot increase, and essentially all the energy Ac

goes into vaporization. Because the reduction of kinetic energy

is minimum as compared with Ac, we obtain

A+) = –Al . Ap . L;

for L; = 4184 L. (Joules/gr), L. denoting the heat of

vaporization (cal/gr), which for water is Lu x 540. From

(3) and the previous identity we obtain

dp pkd p(z) ,,
%=

——c (Z)IE(Z)12.
– zqL~ p(0)

t

I [
10

I

h,. h z

Tc k’-----------
Ti

Iu h (: h z

R(z)
0

‘-’k.

---- 1
‘2

‘1
‘—————t—

0 h,, h z

Fig. 4. Sketch of predicted profiles for density, temperature, and magnitnde

of sheet impedance,

In this region however, T is a constant and therefore e“ is a

constant. Use of this reduces the previous equation to

for

{

z@%P(0)
El= –

pkdhe’’(TC) <
(7b)

Note that Tc is used safely in this equation since El plays a

significant role only if hc < h.
In view of the above, adequate operation of this device

will be characterized by the profiles shown qualitatively in

Fig. 4. R(z) increases exponeritially for z > hc because p(z)
decreases exponentially due to evaporation.

We now turn our attention to power calculations. First we

calculate P, the power dissipated in a 1-m-wide sheet, This

corresponds to integrating Re { E* oJ} over z G (o. h):

h

P(watts) = :
/ {}

dzl,~(z)lzl?e & . (8)
70

In a time interval v – 1 the pap er will advance 1 m, and since

we are dealing with a l-m-wide sheet, we conclude that the

electromagnetic energy e, utilized in “drying” a square meter

of paper, is given by

~ = P/v(Joules/m2). (9)

We now calculate P., the small amount of power escaping

the dryer via transport of the stored electric energy in the sheet.

First we determine ~., the electromagnetic energy stored per
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TABLE I

T(° C) Rln

25 3.228 [-81 1°-

55 3.698 ]-84.92°

85 4.4291-86.86°

100 4.8 1-87.67°

unit volume in the sheet, when itis coming out of the dryer.

This is given by Re{13. D* –li3. Ef*} evaluated at ,z = h.

However, we can neglect the stored magnetic energy since we

are dealing with a nonmagnetic material. Thus

es RS606’(TO)IE(Z = h)12(Joules/rn3) (lo)

where e. w 8.85 x 10– 12 (farad/m). The volume of paper

coming out of this 1-m-wide sheet in a second is equal to:

V = lm.v. {dp(h)/p(0)}, where the quantity in curly brackets

accounts for the evaporation. Thus, since the electromagnetic

energy coming out of the dryer in a second (E3V), is equal to

the (electric) power loss P,, we have

‘(h)Coe’(T’o)lE(z=h)12(watt.s).P. = vd— (11)
p(o)

As will be seen later, numerical experiments have shown that

P. is indeed very small.

Finally, it should be mentioned that the electric field E(z)

is the true total field that satisfies Maxwell’s equations in the

presence of R(x), which is unknown.

III. APPROXIMATIONS

Because of the complexity of the previous expressions, it is

necessary to use some approximations in order to produce an

estimate of the geometry and field requirements for satisfacto~

operation. This will result in an order of magnitude of the

quantities involved and will serve as a starting point for

parameter optimization, which will be made via numerical

solution of Maxwell’s equations and (4) and (7).

It has been shown in [7] that the Physical Optics approx-

imation to the current induced in a resistive sheet is a good

estimate for normal incidence, even for a parabolic resistive

taper. Application of [7, (32)] to our case reveals that the total

electric field in the sheet can be approximated by

E= J2. R(Z)=
R(z)/q ~

R(z)/q + 1/2 0
(12)

Furthermore, in typical conditions it is estimated that IR(z) I >

rI/2. For example, for a typical d = 1.27 x 10–4 m, p = 1/2.

.~ = 3GEIz, and R/rI prior to evaporation is given by Table I.
In presence of evaporation the values of R/~ will be even

higher. In deriving this table, use has been made of the fact

that the values of d from [6] at T = 25°, 55°, and 85°C, can

be matched by the formula ~’ = 85.5 – T/3, at ~ = 3 GHz.

Also, the values of R at 100”C have been obtained by using

the formulas for e’ and c“. In view of the above, we conclude

that we can set 13(,z) x E. in the equations. We obtain:

— ~ .-(w($?)’u(z-hc)P(x)

p(o)
(13a)

N
Segments

[

z=2hn

1i
R(2h-z)

z=h

)

R(z)

~.

II R(-z)

z=-h

Fig. 5. Configuration for HPOLA.

where U is the step function (U(z) = 1 if z > 0, and

zero otherwise). Clearly, there exists a critical value of field

amplitude EO = EC, which must be exceeded in order to have

some evaporation. From ( 13b) we obtain (after setting h. = h,
because the maximum T occurs at z = h):

~=m==> (14)

which for normal conditions T. = 100”C, Ti = 25°C implies

Ec/E2 =2. 158. On the other hand, enforcement of (13b) at

z = h. yields

—

/

h
:. EO=E.. (15)

Similarly, evaluating (13a) at z = h yields

(1-3(%)2=4%1’16)
Furthermore, it can be shown from (6b) and (7b) that

and from (14)–(1 6), after eliminating EO we get:

h.-h

[1

_ _ /j~c-T _ ~. Ln p(o)
1247461 – hC/h

(18)
p(h) – ~Tc-T%

which indicates that the thickness of the heating layer (hC/h)
needs to be small if significant drying is to be achieved. For

instance, for typical T. = 100”C, Ti = 25”C, (18) becomes

h/hC = 1 + 15.15Ln[p(0)/p( h)], (19)

which is interesting since it implies that for a “dry” paper

containing 1% of the original moisture (p(O) /p(h) = 100),
h z 71 h., whereas for a paper being half as wet as originally

(p(O) /p(h) = 2) we have h x 11.5 h.. Thus we see that if sig-
nificant drying is to be achieved, hC/h is a very small number,

which according to (15) implies that E. >> EC, which is not

convenient from the practical standpoint because EC is large.
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Fig. 6. Diagram of computational scheme.
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7. Electfic field atthesheet via HPOLAand theanalytical estimates presented in Fig. 7.(a) Real patof E(z) profile. (b) Profile of Im{E(z)}.

IV. NUMERICAL IMPLEMENTATION

To solve this highly nonlinear problem, an iteration scheme

is employed. The reason for this is the fact that a good original

estimate of 11(.z) is available from Physical Optics.

The geometry is that of a position dependent R-sheet

bounded by two parallel plates, as depicted in Fig. 3. A

sufficiently accurate (though not exact) solution to the field

equations was obtained via the R-sheet portion of a company

code, HPOLA, where a number of images of the original

R-sheet were employed for normal incidence conditions, as

shown in Fig. 5. In all cases considered, it was found that

only two images were necessary, the solution converging

immediately, which is consistent with the Physical Optics

argument of [7]. IV segments were used to model each

inhomogeneous R-sheet.

Since HPOLA solves the problem for an incident magnetic

field of unit amplitude, the E(z) required in our computation

is obtainable from J, the electric currents of HPOLA, via:

R(z)
E(z) = E. J(z)Y; .z ● (O, h). (20)

Only the current in the central sheet was considered.

To clarify the scheme, a brief block diagram description is

presented in Fig. 6. We start the iteration at point O, assuming

E(z) = EO; use this to calculate profiles (T(,z), p(z)), which

in turn are used to get R(z), which when fed to HPOLA

yields a new E(z) and then go back to point O. We then start

a new cycle. The iteration stops when no sensible change in

the profiles is observed. In practice, we have found that one
iteration is sufficient in most cases due to the large values of

associated R-sheet.

We now proceed to elaborate on a numerical experiment.

Care must be exercised in selecting the correct operating volt-

age 130, since too large a voltage will cause a very small he/h,
which will prevent HPOLA from properly modeling the heat-
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ing region z c (0, hC) because the R-sheet will change rapidly

in that region. On the other hand, too low a voltage will cause

To to be less than T. resulting in unsatisfactory operation.

For the following conditions: Ti = 25”C, To = 100”C,

v = 4.57 rn/sec (% 900 feet/rein), d = 1.27 x 10–4 m,

h = .2 m, ~ = 3 GHz (~ = .1 m) and initial 50% moisture

(P = .5), we find from the approximate formulae that the
initial E-field is EC x 98 KV/m. For a 50% drying operation

we have p(0)/p(h) = 2 and (19) yields h/he x 11.5, which

when used in (16) yields Eo = 333KV/m.
The code we have developed is called PAPER, and it

uses the output from HPOLA for each iteration. We initially

run PAPER with the previous values of Ti, u, d, h, .f, p,
EO = 333 KV/m and T. = 100”C. The initial output from

PAPER is the analytical estimate for T(z) and p(z)/p(0).

Those two profiles resulted in the complex profile R(z) /q,

whose magnitude Il?(z) /q I was found to be much larger than

1/2, an assumption employed in simplifying (12).

HPOLA was run for the first iteration with N = 60 and

N = 100, which roughly result in 5 and 8 unknowns for the

.z E (O, hc) region of high activity. Using the previous values
of R(z), we run HPOLA, obtaining J(z), which when inserted

in (20) yield the electric field profile E(z), whose real and

imaginary parts are shown in Fig. 7(a) and (b), respectively.

As expected, the real part of l?(z) is much larger than the

imaginary part and outside the high activity region the field

is very well represented by EO. Very little difference was

observed between the N = 60 and N = 100 fields. Fig. 7

corresponds to N = 100.

These new values of E(z) were fed to PAPER, which

calculated the new profiles T(z) and p(z) shown in Fig. 8(a)

and (b), respectively. Very little difference was observed

between these new profiles and the analytical estimates, which

explains why the new resistive profile shown in Fig. 8(c) and

(d) is almost identical to the corresponding estimate. Fur-

ther numerical work indicated that additional iterations were

not necessq since the resistive profile remained essentially

unchanged.

To give the reader an idea of how good the initial estimate

was, we mention that for N = 60 we obtain a final moisture

p(h)lp(o) = .504431, whereas N = 100 yield p(h)/p(o) ==
.508500. These numbers are quite close to the value of .5

imposed orl the analytical estimate.

Finally we present some power figures. For N = 100,

the dissipated power in a l-m-wide sheet P, is given by

P = 405.29 KW. The energy E used in drying a square meter

of paper is E z 88.6848 x 103 Joules. The power P. escaping

the dryer due to stored electric energy transport in the sheet

is: P. x 14.85 mW. The numbers that have been presented
are realistic as will be seen in the next section.

V. DISCUSSION

The numerical results are very encouraging due to the

highly convergent nature of the scheme. The convergence is
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remarkable in view of the fact that HPOLA gave only an

approximate solution because only a few images were used.

Energy balance is another way of checking the accuracy

of the previous results. In order to change the moisture of

one sqttare meter of paper from p(o) to p(h), requires first of

all, an amount of energy equal to AET, in order to raise its

temperature from Ti to TC:

AET = p(0) . (TC – T.) . C. (21)

plus an energy AE~ to cause evaporation from moisture p(o)
to p(h):

AE~ = [P(O) – p(h)] . L.,. (22)

Summing the two contributions we obtain that in the station-

ary case, a total energy of 90.43 KJ are needed (AI?T =

19.92 KJ, AEE = 70.51 W). This energy should be com-

pared with the total electromagnetic energy used in drying a

square meter, which was presented in the previous section:

E = 88.68KJ. Note that the agreement is very good, within

2%. (The previous 90.43 KJ were obtained with iV = 100;

with IV = 60 we obtained 91 KJ, thus for larger iV we expect

better agreement.)

The kinetic energy can be neglected in the analysis. To give

an idea of the quantities involved, we compute the total kinetic

energy lost per square meter:

AEh- = ~ [p(o) – p(h)]v2 x 10-3Joules (23)

which is equal in this case to z .33 Joules and is insignificant

when compared with the total 90 KJ used in the evaporation.

In the numerical calculations we employed Lv = 400,

rather than the better value [8, p. 306]: Lv = 539.2. Also

the dependence of water density on temperature was ignored

(dilation), even though the effect may be significant; for

instance, [8, p. 273], at 4°C, the density is equal to lgr/cm3,

whereas at 100”C it is equal to .958 gr/cm3.

Finally we mention that it may be worthwhile to seek

lower frequencies of operation, where high fields are easier

to generate. It is well known that past 1 GHz water shows

strong absorption (see for example the graph of index of

refraction and absorption coefficient for water as a function

of the frequency, which is presented in [9]). However, there is

some evidence [6, Appendix B] that at much lower frequencies

(around 100 KHz), the water losses increase considerably and

very possibly balance out the decrease in electrical thickness

of the effective R-sheet, resulting in comparable values of R-

sheet than at 3 GHz. Such behavior can be observed from the

materials table of [6, Appendix B] where one can also notice

so at 3 GHz), which is a very desirable property since hc is

usually much less than h, i.e., most energy is delivered to the

sheet when it is hot, during evaporation.
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